We explore whether multifield inflationary models make unambiguous predictions for fundamental cosmological observables. Focusing on N -quadratic inflation, we numerically evaluate the full perturbation equations for models with 2, 3, and O(100) fields, using several distinct methods for specifying the initial values of the background fields. All scenarios are highly predictive, with the probability distribution functions of the cosmological observables becoming more sharply peaked as N increases. For N = 100 fields, 95% of our Monte Carlo samples fall in the ranges ns ∈ (0.9455, 0.9534); α ∈ (−9.741, −7.047) × 10 −4 ; r ∈ (0.1445, 0.1449); and riso ∈ (0.02137, 3.510) × 10 −3 for the spectral index, running, tensor-to-scalar ratio, and isocurvature-to-adiabatic ratio, respectively. The expected amplitude of isocurvature perturbations grows with N , raising the possibility that manyfield models may be sensitive to post-inflationary physics and suggesting new avenues for testing these scenarios.
The study of inflation has been transformed by the advent of precision cosmology. In 2013 the Planck Collaboration [1, 2] announced a 5σ detection of scaledependence in the primordial power spectrum, P(k). Likewise, the non-Gaussian component of the initial perturbations is less than 0.01% [3] and there are strong limits on isocurvature perturbations [2] . These results are entirely consistent with single-field slow roll inflation.
The key theoretical challenge for inflation is to show how a phase of accelerated expansion is realized in particle physics. However, single-field models are not always natural; e.g., string compactifications often result in hundreds of scalar fields [4] [5] [6] [7] . Multifield models yield a wider range of possible P(k) and higher-order correlators than simple single-field scenarios. Consequently, it is vital to determine not only what is possible in multifield models, but whether specific multifield models yield generic predictions that can be tested against data.
Multifield models permit many distinct inflationary trajectories, and can thus be sensitive to the initial values of the background fields. The relative likelihood for different initial conditions (ICs) in the overall phase-space of the inflationary dynamical system must be encoded in the Bayesian prior for the model. Inflationary models are, to some extent, ad hoc hypotheses, so the IC priors typically cannot be computed or reliably predicted a priori. Recently it was pointed out that some multifield models make predictions for the inflationary observables that do not depend strongly on the specific IC prior [8] [9] [10] [11] [12] , and this class of model unambiguously predicts the distributions of the inflationary observables. On the other hand, observational data could constrain the initial field configuration for models with strong sensitivity to their initial conditions.
In this Letter we present the first generic predictions for a multifield inflation model in the many-field limit. By numerically evolving the perturbations, we find the probability density functions (PDFs) for the spectral index n s , the tensor-to-scalar ratio r, the running α, and the isocurvature-to-adiabatic ratio r iso in N -quadratic inflation. We give the first complete analysis of the manyfield case [13] [14] [15] [16] [17] [18] by exploring inflation with N = 100 fields. We consider three distinct IC priors to assess the sensitivity of the model's predictions to the initial conditions.
We see novel behavior in the many-field case, where trajectories in field space "turn" until the end of inflation, yielding an increased r iso that may be relevant to reheating. The PDFs for n s , α, and r become more sharply peaked at large N , implying that the many-field case is predictive. We also obtain high-density samples in the low-N limit [19, 20] with N = {2, 3}. In this limit we also see sharply peaked PDFs and a nontrivial consistency relation in the (n s , α)-plane, but with a greater dependence on the IC prior than with N = 100 fields.
Method: We assess the "predictivity" of inflationary models as follows. We draw ICs from a specified prior probability distribution and evolve the background equations of motion. We require the pivot scale k piv = 0.002 Mpc −1 to leave the horizon 55 e-folds before the end of inflation; if there are fewer e-folds, we exclude the IC and draw another. Otherwise, we solve the perturbation equations numerically and compute observables by evaluating the power spectra at the end of inflation. Iterating this process, we obtain the PDF for the inflationary observables given the choice of IC prior.
We consider N -quadratic inflation with canonical kinetic terms, minimal coupling to Einstein gravity, and potential
with an implied sum over repeated field indices. This model makes an excellent test case as it is both extremely simple and well-defined for any value of N . For N = 100 fields, we follow Ref. [15] and draw the mass values from the Marčenko-Pastur distribution with β = 0.5. We choose the largest mass ratio as 1/8.08 and the other masses so that they are equally spaced in the cumulative probability distribution function. We do not expect our results to depend strongly on this choice, provided the masses are all of the same order of magnitude.
Initial conditions: We consider three IC priors:
1. The iso-E 0 prior [21] with an equal-area prior on an initial surface with energy E 0 .
2. The iso-N e prior [8] with an equal-area prior set approximately N e e-folds before the end of inflation on the surface φ α φ α = 4N e .
3. The slow-roll prior with velocities set in slow-roll and field ICs distributed uniformly over some predefined range.
Each prior has a different physical justification and leads to significantly different distributions for the field values and velocities. For example, the iso-N e prior near N e = 55 implies we know nothing about the initial state when observable scales start to leave the horizon. By contrast, either (A) using the iso-E 0 prior with a relatively large initial energy; (B) requiring N e 55 for the iso-N e prior; or (C) specifying a large field-space range for the slow-roll prior typically give solutions more scope to evolve into dynamically-favored regions of phase space, e.g., slow-roll along the direction of the lightest field. Consequently, with these IC priors a higher proportion of trajectories find the attractors before the end of inflation. Conversely, the iso-N e prior with N e ∼ 55 is the least predictive of these choices.
Multifield perturbations: We use an extended version of ModeCode [22] [23] [24] [25] that evolves the perturbation spectrum for an arbitrary potential, initial field values and velocities. ModeCode solves the 2-index mode equation [26, 27] 
where primes represent derivatives with respect to the number of e-folds, N e ; ≡ −Ḣ/H 2 is the slow-roll parameter; and ψ αβ is related to the Mukhanov-Sasaki variable, u α ≡ aδφ α , by a sum over annihilation operators:
Finally, the mass matrix is given by
where the Hubble parameter is H 2 = V /(3 − ). For a mode k, we set the Bunch-Davies initial state for ψ αβ when 100k = aH. The power spectrum for the field perturbations δφ α is
where star denotes complex conjugation. We compute the power spectra for the comoving curvature perturbation R and isocurvature perturbations S via an appropriately-scaled projection onto directions parallel and perpendicular to the background trajectory. Consequently,
where ω α = φ α /φ 0 projects onto the direction of the background trajectory for φ 2 0 ≡ φ α φ α . Directions perpendicular to ω are isocurvature directions, and can source superhorizon evolution of R; we find the (N − 1) isocurvature vectors s I by Gram-Schmidt orthogonalization. In analogy to R, we define isocurvature perturbations S I ≡ −(1/φ 0 )s Iα δφ α with the spectrum The average riso roughly decreases with increasing number of e-folds between the surface on which we specify the IC and the end of inflation, implying the heavier masses find their minima more often when given more time to evolve before inflation ends.
Conventionally, P R is characterized by an amplitude A s and its logarithmic derivatives D = d/d log k at the pivot scale, with n s = D log P R and α = D 2 log P R . We can similarly describe P S or the adiabatic-isocurvature cross spectrum, although we report only the isocurvature-to-adiabatic ratio r iso = P S /P R . While ModeCode numerically computes the full functional form of P R (k) and P S (k), for convenience n s and α are computed by central finite differences near k piv . Finally, we compute the tensor-to-scalar ratio r by evolving the appropriately-normalized tensor perturbations.
Results: Figs. 1-3 show histograms for n s , α, r, and r iso , with Scott-binning [28] for the iso-E 0 prior with E 0 = 0.1 M Pl . Fig. 4 is the histogram-estimated PDF for n s for different IC priors. The slow-roll prior yields results that are effectively indistinguishable from the iso-E 0 prior and are not plotted. We sample O(10 6 ) ICs for N = {2, 3} fields and O(10 4 ) ICs for N = 100. Fig. 1 shows the first-ever general predictions for n s , α, and r for inflation with N = O(100) light fields. Using the iso-E 0 prior, we find that 95% of Monte Carlo samples are in the ranges: n s ∈ (0.9455, 0.9534); α ∈ (−9.741, −7.047) × 10 −4 ; r ∈ (0.1445, 0.1449); and r iso ∈ (0.02137, 3.510) × 10 −3 , which is similar to the predictions of this model in the single-field limit. Crucially, while many-field N -quadratic inflation supports a broader range of possible observables, it nevertheless makes a sharp generic prediction for n s , α, and r.
The r iso component is significant with N = 100 fields for the two-and three-field cases. The sensitivity of r iso on the choice of IC prior is shown in Fig. 2 . The isocurvature fraction is largest for the iso-N e = 60 prior, reflecting the relatively short period this models has to evolve before inflation ends. The average number of total e-folds for the iso-E 0 = 0.1 M Pl prior is N e = 306.6, and the average r iso roughly decreases with increasing total num- priors. The slow-roll prior, which overlaps the iso-E0 prior, has not been plotted. Importantly, the upper plot shows only the peak in the PDF and the full range for ns has not been plotted. The distributions show remarkable consistency, despite significantly different IC priors.
ber of e-folds. Unlike the case of a few fields, the heavier fields do not always reach their minima before inflation ends, although they approach their minima given more time to evolve. Trajectories are therefore typically turning in field-space at the end of inflation, and it is known [29] [30] [31] [32] that this causes the isocurvature modes to grow. We attribute the increase in r iso to these dynamical effects. Fig. 3 shows the PDFs for the observables for N = 3 with an iso-E 0 prior with E 0 = 0.1 M Pl . The PDFs have spikes in the bin n s ∈ (0.962, 0.964) and α ∈ (−0.001, −0.0005), which contains 48.8% of the Monte Carlo samples. With N = 2 we find contours in the (n s ,α)-plane, reproducing the analytic result of Ref. [8] . For three fields the distribution is bounded by the same contours, with a lower weighting around the outer contour (with m 2 /m 1 = 9). Typical trajectories become effectively single field before the end of inflation and hence isocurvature modes decay, giving negligible r iso .
To explicitly compare different IC priors, Fig. 4 plots the prediction for n s , the observable best-constrained by Planck. For many fields, the distributions are largely similar and are well-described near the maximum by Gaussians with means µ = (0.950, 0.951, 0.951) and variances σ 2 = (1.97, 2.81, 2.24) × 10 −3 , for the iso-E 0 , iso-N e = 300, and iso-N e = 60 priors, respectively.
With fewer fields, we see larger differences in the PDFs. Nevertheless, the bin containing maximum probability mass coincides and all the PDFs have the same overall shape. For the iso-E 0 and iso-N e = 300 priors the probability-mass lies in a small range of observable-space, giving essentially the same prediction. Furthermore, as seen in Fig. 3 , the outlying contours non-trivially constrain the joint prediction for (n s , α). For these two IC priors, the PDFs in Fig. 4 do not change drastically.
However, the iso-N e = 60 prior (which is the least predictive choice a priori ) has a significantly lower peak in Fig. 3 and 95% of Monte Carlo samples in the broad range n s ∈ (0.675, 0.963), which is comparable to the full range of predictions for this model, n s ∈ (0.543, 0.964). Interestingly, this IC prior yields significant mass below the most probable value of n s = 0.963, and may thus perform far worse relative to the other IC priors in a Bayesian evidence calculation, as the 68% Planck bounds are n s ∈ (0.954, 0.973). This implies that Planck data may constrain the initial states when N is small.
Discussion: This Letter presents a complete analysis of multifield quadratic inflation. We numerically integrate the multifield mode equations through to the end of inflation, the first time this task has been performed for a model with many degrees of freedom. The code will be released and described separately [25] . We compute PDFs for key observables, and evaluate their sensitivity to priors for the initial field values and velocities.
We find that the initial conditions are not "stiff parameters" [33] [34] [35] for which small changes radically alter observables, demonstrating that this model makes sharp, robust predictions for the inflationary parameters. Given that multifield models can produce a wide range of perturbation spectra, one may specify an IC prior for which the observables are far from the peak values in the PDF found here. However, such scenarios are typically contrived, so the corresponding prior is unlikely to be physically compelling. Moreover, even with one field, initial conditions which violate slow-roll near N e = 60 yield a P R that differs significantly from the usual result.
The matching between the number of e-folds and present-day scales depends on the post-inflationary equation of state [22, 23, 36] . This resulting uncertainty in n s and other observables scales with α and is comparable to the width of the large-N PDFs computed here. Consequently, the spread in the predictions of the inflationary observables at large N -including the ambiguity associated with the IC prior -need not be the dominant source of theoretical uncertainty in multifield models.
For N = 100 the isocurvature modes are potentially nontrivial. This is a new and significant result: the presence of isocurvature modes implies that the curvature perturbation may continue to evolve until an adiabatic limit is reached [30, [37] [38] [39] [40] , even if this is after the end of inflation. However, the most probable values for the power spectra observables at the end of inflation are still concentrated in small regions. Recent studies of the evolution of observables during reheating focus on models with only a few fields [31, [41] [42] [43] . Given the magnitude of the r iso for N = 100, it will be important to examine the reheating dependence of observables at large N , for which a non-zero r iso may be generic.
With N = 100, the central values we find for n s , r and α are consistent with those seen in previous work [15] [16] [17] [18] based on slow-roll expressions. If the duration of inflation is increased by changing the initial conditions while other parameters are held fixed, r iso is reduced, consistent with Fig. 2 . However, there is no generic mechanism that forces the initial values ofφ i to be small [21] and, with the exception of our slow roll prior , we start our simulations with significant field velocities, in contrast to previous work. This reduces the duration of inflation at fixed initial energy, and increases the likelihood of seeing a nontrivial value of r iso .
Importantly, our results suggest that the curvature perturbation of multifield inflationary models has a welldefined large-N limit. Consequently, these models may be least predictive when N = 2 or 3. This situation mirrors that found elsewhere [15, 44] and can be understood by analogy with the central limit theorem. Determining the extent to which this phenomenon is generic in N -field inflation is clearly of the utmost importance. Finally, this analysis points the way to constraining multifield scenarios with data from observational surveys, such as Planck.
Note Added.-After this Letter was completed a detection of primordial B-mode polarization in the CMB was announced by the BICEP2 collaboration [45] . The primary goal of this Letter was to investigate the dynamics of a representative multifield model rather than to propose a candidate model of cosmological inflation. However, we note that the model analyzed here predicts r ∼ 0.145 and permits a significant running, in qualitative agreement with BICEP2. Moreover, different models of foreground dust subtraction further improve the fit, as illustrated in Fig. 11 of Ref. [45] .
